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Dynamics of the Chemical Master Equation, a strip of chains of equations in d-dimensional space.
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We investigate the multi-chain version of the Chemical Master Equation, when there are transitions between
different states inside the long chains, as well as transitions between (a few) different chains. In the discrete
version, such a model can describe the connected diffusion processes with jumps between different types. We
apply the Hamilton-Jacobi equation to solve some aspects of the model. We derive exact (in the limit of infinite
number of particles) results for the dynamic of the maximum of the distribution and the variance of distribution.
PACS numbers: 87.10.-e, 02.50.Ey
I. INTRODUCTION
The Chemical Master Equation (CME) [1],[2],[3],[4] is
the main tool to investigate chemical reactions with few
molecules. This statistical physics model describes also the
branching-annihilation processes and (in strip version, con-
sidered in the current article) the discrete version of the con-
nected diffusion.
For reactions with few molecules the number of molecules
fluctuate, and we can describe the reaction process through
the probabilities of having a given number of molecules.
While working with D types of molecules, we work with
the probabilities of having given integer number of molecules
P (X1...XD, t), thus the variables are located at the nodes of a
D-dimensional lattice, where integer Xi describe the number
of molecules of the i-th type. One solves a linear system of
differential equations for P (X1...XD, t) to define the proba-
bility of having the given numbers of molecules at time t. The
CME is a linear equation, like the Shroedinger equation for
the wave function. We assume that the system does not in-
teract with the environment, and during the measurement we
observe just some collection of integers for the different types
of molecules, defined by probabilities P (X1...XD).
While the numerical solution of CME is possible using the
Gilepsee algorithm, the analytical investigation of CME is
very important. The problem was solved exactly in the infinite
system size (the maximal number of particles) limit forD = 1
using quantum mechanics or mapping to the Hamilton-Jacobi
equation (HJE) [5],[6],[7],[8],[9]. In [10] an implicit expres-
sion was obtained for the dynamics of the population distri-
bution variance, following the HJE method of [11],[12],[13].
To obtain an exact complete solution of CME in dimensions
D ≥ 2 is a very hard problem and only a few solutions are
known, see [14].
Sometimes the CME is organized as a strip of systems of
equations [4]-[17]. In [4] strips of one dimensional chains
of equations (the variables are located on 1-D axes and the
time derivative of some variable depends on its neighbors) are
∗Electronic address: saakian@yerphi.am
FIG. 1: The CME for the case d = 1, D = 1,K = 1. Possible
states of the system (indicated as boxes with the number of molecules
inside) are located on the 1-d space (D = 1). There are transitions
only between neighbors (K = 1). There is only one chain (d = 1).
The back transition rates is R−1 and the forward transition rate is
R1, see Eq. (1).
considered as a model of coupled diffusion processes: a situ-
ation in 2 dimensional space, when there is a diffusion in one
dimension, and jump process in the other dimension (continu-
ous diffusion later is replaced by discrete jumps). [16] consid-
ers a strip of three chains of equation, each of chains defined
in 2-dimensional space, identifying the model with genetic
switch phenomenon. Again we have a diffusion, completed
by jump process.
In the current article we formulate the following general
problem: we investigate the CME, organized as a strip of d
chains of equations, each defined in D-dimensional space with
a maximal number of a given type of molecule N, where d≪
N .
We will also give differential equations, defining the solu-
tion of the moments of distributions of the model for the gen-
eral d,D case. Two mathematical methods have been applied
to solve the CME in the limit of large number of molecules:
diffusion approximation and the HJE. The HJE method allows
to apply the methods of Hamilton mechanics [18], the Hamil-
ton equation for the characteristics [19],[20]. For the recent
introduction to the method see [21]. In this article we consider
the situation when the HJE method is valid while describing
the solution of the CME.
Let us first review known results of the CME. In the sim-
plest case (D = 1, d = 1) and one step processes (K = 1),
we have a system of equations, see Fig. 1 for illustration,
dP (X, t)
Ndt
= R1(X − 1)P (X − 1, t) +
R−1(X + 1)P (X + 1, t) +R0(X)P (X, t)
R0(X) = −(R1(X) +R−1(X)), (1)
2FIG. 2: The CME for the case d = 1, D = 1,K = 2. Possible state
of the system are located on the line (D = 1). We illustrate possible
transitions from the position n. There are 2-step transitions (K = 2).
There is only one chain (d = 1). The back 1-step transition rate is
R−1 and the forward 1-step transition rate is R1. The 2-step back
transition rate is R−2 and the two-step forward transition rate is R2
where 0 ≤ X ≤ N , and N is the maximal possible number
of molecules, a large number. R1(X) is the forward 1-step
transition rate, and R−1(X) is the back 1-step transition rate.
A similar equations has been formulated for the virus evo-
lution problems. In case of virus evolution models [22],[23],
there is inhomogeneous term (fitness function) on the right
hand side of equation, and P (X) describe the density of dif-
ferent types of viruses.
While in virus evolution models one can consider a mixed
state at the start, in case of the CME, by Eq.(1), there is a
definite value n for X at the start. Therefore
P (X, 0) = δX,n (2)
If during an elementary reaction event there is a consump-
tion or birth of several molecules with maximal consumption
(birth) number K, then our system of equations is modified:
dP (X, t)
Ndt
=
∑
−K≤m≤K
Rm(X −m)P (X −m, t) (3)
Here R±m(X),m 6= 0 are the rates of m-step transi-
tions, therefore are nonnegative numbers, while R0(X) =
−
∑
−K≤m≤K Rm(X) (a generalization of the expression by
Eq.(1)) ensures a probability conservation condition, see Fig.
2 for an illustration. The probability rate in the CME are de-
fined via reaction rates in case of infinite number of molecules,
see [3]. Different rates R-s in our equations describe differ-
ent elementary reaction events. In the literature, models with
K ≤ 3 has been considered. The derivative dP (X)/dt de-
pends on P (X ′) for the neighbors and that’s why we name
our system of equations as a ”chain” of equations.
Consider the case of D-dimensional space,
dP ( ~X, t)
Ndt
=
D∑
l=1
K∑
nl=−K
R~n( ~X − ~n)P ( ~X − ~n, t) (4)
Here ~X is a D-dimensional vector, where D is the number of
different type of molecules participating in the reaction, and
for ~n 6= 0 the nonnegative number R~n describe the probabil-
ities of the jump with the change of the number of the l-th
type via nl, 1 ≤ l ≤ D, and negative number R0 ensures
the probability conservation. As an illustration consider the
case D = 4. The process, when the molecules of types 1,
2, 3 collide giving a birth of 3 molecules of type 4 is de-
scribed via a coefficient R−1,−1,−1,3(x1 + 1, x2 + 1, x3 +
1, x4 − 3). If these three molecules just catalyze the birth of
one molecule of type 4 the process is described via coefficient
R0,0,0,1(x1, x2, x3, x4 − 1).
If there are n reactants, then the coefficient in the CME R is
connected with the coefficient in the chemical kinetic equation
Rˆ with the scaling R = Rˆ/Nn, see [4].
The Hamilton-Jacobi equation (HJE) is a powerful method
to investigate the CME at large values of N. For illustration
consider Eq.(1). For the case N ≫ 1 we assume an ansatz
P (X, t) = exp[Nu(x, t)],
x =
X
N
. (5)
The ansatz by Eq.(5) is similar to the WKB approximation in
quantum mechanics [9]. Eq.(5) gives with 1/N accuracy:
P (X ± 1, t) = exp[Nu(x, t)± u′(x)],
x =
X
N
, (6)
and one obtains [6]:
∂u(x, t)
∂t
+H(x, u′) = 0
−H(x, p) = r−(x)e
−p + r+(x)e
p − (r+(x) + r−(x))
p =
∂u
∂x
(7)
where we denote r−(x) = R−1(Nx), r+(x) = R+(Nx).
Equation (7) is a partial differential equation of a special
form, the Hamilton-Jacobi equation. According to the stan-
dard handbook of classical mechanics [18], it can be solved
using the solution of Hamilton’s equation for x(t), p(t), where
x(t) describes the characteristic curves of HJE [20],[19],[13].
The N in the dominator of the left hand side of Eqs.(3),(4) is
written arbitrary. We are choosing a proper scaling Nn with
some integer n, to get a smooth, N independent functions r(x)
at the limit N → ∞. We can consider the more general case
Nn, n > 1, then rescaling t → t/Nn−1 return to the case
of article.The HJE approach allows to define the whole dis-
tribution (P (X) or u(x)). In the following sections we will
derive the HJE version of the CME for more involved situa-
tions than Eq.(3). In this work we are mainly interested in the
dynamics of the maximum of distribution (the point x where
u′x(x, t) = 0) and in the variance of the distribution P (X, t),
given by u′′(x, t) at the point of maximum. For our purposes
there is no need to apply a powerful method of characteristics.
We will use directly the HJE. We are interested in the solu-
tion u(x, t) near the maximum of the distribution, x = y(t)
in our notation. We can derive exact relations by expanding in
the HJE the solution in degrees of (x− y(t)). Such a method
has been applied in [10], where we derived the Van Kampen’s
large system size expansion method from HJE.
In Section II-A we derive HJE for the d > 1, D = 1 case.
While we derive the HJE to describe the full distribution, it
is more informative to calculate the motion of the maximum
and the variance. We derive corresponding ODEs in Sections
3II-B and II-C. In Section II-D we considered an example of
D = 1, d = 2. In Section III-A we consider the strip of D-
dimensional equations. In the Appendix we present the equa-
tions to define the dynamics of the third moment of distribu-
tion, investigation of evolution insertion-deletion model [24].
In section III-B we give the finite size corrections to the bulk
solution, following to [11], [8],[9].
II. THE STRIP OF ONE DIMENSIONAL CHAINS
A. Derivation of HJE
Here we consider the CME, when the probability depends
on two integer coordinates, l and X , thus we work with
Pl(X, t). There is a probability conservation condition∑
1≤l≤d
∑
0≤X≤N
Pl(X, t) = 1 (8)
In Eq.(8) the maximal number of molecules is constrained by
N, a reasonable constraint in case of chemical reaction in a
finite volume, and d≪ N .
In principle only one boundary condition at X = 0 can be
present or some large parameterN . In both cases HJE method
can be applied.
We consider a large N limit:
N →∞. (9)
There is a system of equations
dPl(X, t)
Ndt
=
∑
1≤n≤d
∑
−K≤m≤K
Rlnm(X −m)Pn(X −m, t).(10)
There are transitions along the states of one chain (maxi-
mal jump is K-step), described by nonnegative coefficients
Rllm,m 6= 0 and there are jumps between different chains,
described by nonnegative Rlnm with l 6= n. There are nega-
tive Rll0, and there is an equation∑
1≤l≤d
∑
−K≤m≤K
Rlnm(X) = 0 (11)
to support the probability conservation condition.
The system is slightly modified near the borders X = 0
and X = N . In principle, we can use a one-sided boundary
condition, but for our case of solution, described by the HJE,
the boundary conditions are irrelevant.
Let as assume that at the limit N → ∞ (condition a.), the
rates are described via smooth functions
Rlnm(X) = rlnm(x),
x =
X
N
(12)
We consider the models under the condition
det{Aln} = 0,
Aln =
∑
−K≤m≤K
rlnm(x) (13)
Eq. (13) is a consequence of probability conservation con-
dition during the transitions between different chains at the
position X, see model by Eq.(31) as an example.
Let us consider the following ansatz:
Pl(X) = vl exp[Nu(x, t)],
x =
X
N
. (14)
We assume that the maximum of different components
Pl(X) are near the same X . Thus, if the maximum is at
the points X1 and X2, then
|X1 −X2|
N
≪ 1. (15)
The smoothness of functions rlnm in Eq.(12) is crucial for the
ansatz Eq.(14). In [13] we considered an example, when the
exponential ansatz p ∼ exp[Nu(x)] is invalid for non-smooth
functions of transition rates.
We put also the condition b:
d≪ N. (16)
Then we have the following system of equation:
vl
∂u
∂t
=
∑
1≤n≤d
∑
−K≤m≤K
rlnm(x)vne
−mu′ . (17)
We dropped the terms dvl/dt, assuming d ≪ N , where N is
the system size or some large parameter.
As the system of equations for vl should be consistent, we
have the condition:
det[Mln(x, u
′)− qδln(x)] = 0,
Mln(x, u
′) =
∑
−K≤m≤K
rlnm(x)e
−mu′ ,
q =
∂u
∂t
. (18)
We assumed that Mln(x, u′) is a (smooth) analytical func-
tion of x, and all the terms of M have the same, zero de-
gree of N (the case of the same, non-zero degree of N could
be investigated after re-scaling of time). In this case we can
considerN →∞ limit in a proper way. We denote x = X/N .
Eq.(13) gives
det[Mln(x, 0)] = 0 (19)
Eq. (18) is our main equation. It has a high degree of q = ∂u
∂t
and, therefore, it defines a standard HJE with the first degree
of q as in Eq.(7) and corresponding Hamiltonian implicitly.
To construct the full solution u(x, t) we have to find such an
explicit Hamiltonian. Fortunately, there is no need for an ex-
plicit Hamiltonian to investigate the properties of the solution
near the maximum of distribution. Expanding the left hand
side of Eq.(18) in the degrees of q, we re-write Eq.(18) as
d∑
l=0
(−q)lHl = 0 (20)
4Eq.(19) gives:
H0(x, p)|p=0 = 0
p ≡
∂u
∂x
(21)
In investigating the CME we are first interested in the maxi-
mum of the distribution, then in the variance.
B. The dynamics of the maximum of distribution
Let us first consider the dynamics of the maximum. While
calculating the dynamics of the maximum, it is enough to con-
sider 0-th and first terms in Eq.(20).
We assume the ansatz
u = −
V (t)
2
(x − y(t))2. (22)
Let us differentiate Eq.(20) with respect to x, and consider the
point x = y(t). The higher terms of ql disappear, as q ∼
(x− y(t)). We obtain:
− V
∂H0(x, p)
∂p
|p=0 − q
′
xH1 = 0. (23)
UsingH0 = det[Mln],H1 = − ddqdet[Mln(x, u
′)−qδln]|q=0,
we obtain
dy(t)
dt
= −
H ′0,p(y, 0)
H1(y, 0)
≡ b(y). (24)
Eq.(24) defines the dynamics of concentration in case of the
infinite number of molecules. It is the first step in the investi-
gation of the CME.
C. The dynamics of the variance
To investigate the dynamics of the variance, we should con-
sider the q2 term in Eq.(20). We will consider the solution near
x = y(t). Dropping the higher terms in (x− y(t)), we obtain:
d2
dx2
[q2H2 − qH1 +H0)|p=0 = 0. (25)
Using dH(x,p)
dx
= H ′x +H
′
pp
′
x, we calculate
d2H(x, p)
d2x
= H ′′xx + 2H
′′
xpp
′
x +H
′
pp
′′
xx +H
′′
pp(p
′
x)
2. (26)
Putting Eq.(26) into Eq.(25), we obtain
d2
dx2
[q2H2 − qH1 +H0] =
2(q′x)
2H2 − q
′′
xxH1 − 2q
′
x[H
′
1x +H
′
1pp
′
x]
+H ′′0xx + 2H
′′
0xpp
′
x +H
′
0pp
′′
xx +H
′′
0pp(p
′
x)
2 = 0. (27)
FIG. 3: The CME given by Eq.(31) for the case d = 2, D = 1, K =
1. Possible state of the system are located on the two 1-d lines (D =
1). There are only one-step transitions inside the chains (K = 1).
There are two chains (d = 2). The backward transition rate is ρn
and the forward transition rate is KN . The transition rate from the
1-st chain to the second is nh and from the second chain to the first
is Nf
Using the ansatz (22), we derive from Eq.(27)
V˙ H1 + V
2[2b2H2 + 2bH
′
1p +H
′′
0pp] +
+V [−2bH ′1x − 2H
′′
0xp] +H
′′
0xx = 0. (28)
We use the notation b(y) from Eq.(18). Using that H ′′0xx =
0,−bH1 −H
′
0p = 0, we obtain
V˙ H1 + V
2[2b2H2 + 2bH
′
1p +H
′′
0pp] +
+V [−2bH ′1x − 2H
′′
0xp] = 0. (29)
Using dy/dt = b(y), and denoting Q = 1/V , we finally have
dQ
dy
= A(y) +QB(y)
B(y) =
[−2bH ′1x − 2H
′′
0xp]
b(y)H1(y, 0)
,
A(y) =
[2b2H2 + 2bH
′
1p +H
′′
0pp]
b(y)H1(y, 0)
. (30)
Eq.(30) defines the dynamic of the variance< (x−y(t))2 >=
Q
N
.
D. The case of two 1-D chains, the genetic switch model
Consider the case [17]:
dP1,n
dt
= kN [P1,n−1 − P1,n] + ρ[(n+ 1)P1,n+1 − nP1,n]
−nhP1,n +NfP2,n
dP2,n
dt
= kN [P2,n−1 − P2,n] + ρ[(n+ 1)P2,n+1 − nP2,n]
+nhP1,n −NfP2,n(31)
Thus, there are back (ρn) and forward (KN ) transition rates in
the 1-d chains, as well as nh and Nf transition rates between
different chains. Fig. 3 illustrates our CME.
5The system is modified at the boundaries:
dP1,0
dt
= −kNP1,0 + ρP1,1 +NfP2,0
dP2,0
dt
= −kNP2,0 + ρP2,1 − fNP2,0
dP1,N
dt
= kNP1,N−1 − ρNP1,N −NhP1,N + fNP2,N
dP2,N
dt
= kNP2,N−1 − ρNP2,N +NhP1,N − fNP2,N
(32)
Eq.(18) gives
M11 = k(e
−u′ − 1) + ρx(eu
′
− 1)− xh
M12 = f
M22 = k(e
−u′ − 1) + ρx(eu
′
− 1)− f
M21 = xh. (33)
Thus we define the function b(y) for the dynamic of the
maximum:
dy
dt
= b(y) ≡ k − ρy (34)
and functions A,B to define the dynamic of the variance:
A(y) =
k + ρy
k − ρy
B(y) = −
2ρ
k − ρy
. (35)
Our analytical results are in excellent agreement with numer-
ical solutions of the original system (31) (see Fig. (4,5)).
Let us derive the time dependence of the ratio v2
v1 at the
maximum of distribution. From Eq.(18) we have for our case:
v1M11|x=y(t) + v2M12|x=y(t) = 0 (36)
Using Eq. (33) we get:
v2
v1
|x=y(t) =
y(t)h
f
(37)
The comparison of the numerics with our analytical results is
given in Fig. 6. While y(t) and Q(t) follow to theoretical re-
sults immediately, after period of time T ≪ 1, the v2/v1 fol-
lows to our theoretical result after period of time T ≪ N . We
derived y(t), Q(t) using the expressions of P1(X) + P2(x),
thats why y(t), Q(t) follow the theoretical dynamics rather
faster than v2/v1. As y(t), Q(t) do not depend on the ratio
v2(0)/v1(0) of initial values of probabilities at the maximum
point, we don’t give these values in the Figures 4,5.
III. STRIP OF D-DIMENSIONAL SYSTEMS OF
EQUATIONS
A. The bulk solution of the model
Consider the following system of equations
dPl( ~X)
Ndt
=
∑
1≤n≤d
∑
~m
Rln~m( ~X − ~m)Pn( ~X − ~m, t). (38)
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FIG. 4: The model by Eq.(31), N = 100, ρ = 1, h = 0.005, f =
0.02. The direct solution of the system of equations (smooth line)
versus the analytical results (solid circles). y(t) describes the point
of maximum,1/Q(t) is the variance of distribution.
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FIG. 5: The model by Eq.(31), N = 4, ρ = 1, h = 0.005, f =
0.02. The direct solution of the system of equations (smooth line)
versus the analytical results (solid circles). y(t) describes the point
of maximum,1/Q(t) is the variance of distribution.
Here the sum via ~m is over the vector space of the stoichiom-
etry vectors of all of reactions. Now there are transitions in
the same D-dimensional space with the rate Rll~m and tran-
sitions between different D-dimensional spaces with the rates
Rln~m, l 6= n. The negativeRll0 are chosen to ensure the prob-
ability conservation condition.
∑
1≤l≤d
∑
~m
Rln~m( ~X) = 0 (39)
where at the limit N →∞
Rln~m( ~X − ~m) = [rln~m(~x) +
r¯ln~m(~x)
N
+O(
1
N2
)]N n¯ (40)
61 2 3 4 5 t
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FIG. 6: The model by Eq.(31), N = 100, ρ = 1, h = 0.005, f =
0.02. The numerical result for v2/v1 (smooth lines) for different
initial values versus the analytical result (dashed line). While the
numerical results for y(t) and Q(t) actually are identical with the
corresponding theoretical results, regardless of the initial value of
v2(0)/v1(0), the ratio v2(t)/v1(t) coincides with the theoretical
value after some period of time T , where T ≪ N .
where the scaling n¯ is the same for all index sets (l, n, ~m). We
can rescale the time, then putting n¯ = 0.
Assuming an ansatz
Pl( ~X, t) = vl exp[Nu(~x, t)], (41)
we have the following system of equations:
vl
∂u
∂t
=
∑
1≤n≤d
∑
~m
rln~mvne
−
∑
k
mku
′
k . (42)
For the consistency of the system we again assume that
det[Mln(~x, ~u
′)− qδln] = 0,
Mln(x, u
′) =
∑
~m
Rln~me
−
∑
k
mku
′
k ,
q =
∂u
∂t
. (43)
We assume an ansatz
u(~x, t) = −
1
2
∑
i,j
Vij(xi − yi(t))(xj − yj(t)) (44)
As before, we consider the decomposition of the determinant
via Hl, 0 ≤ l ≤ d. To calculate the dynamic of the maxi-
mum, we neglect the (−q)l terms for l-s higher than 1. Let us
differentiate the expression H0 − qH1 with respect to xk.
∑
i
∂H0(~x, ~p)
∂pi
∂pi
∂xk
− q′xkH1 = 0. (45)
As ∂pi
∂xk
= −Vki and q′xk =
∑
i Vki
dyi(t)
dt
, we have
∑
i
Vki(
∂H0(~x, ~p)
∂pi
+
dyi(t)
dt
H1) = 0
bi ≡
dyi(t)
dt
=
−∂H0(~x,~p)
∂pi
|~p=0
H1(~y, 0)
. (46)
Differentiating the equationH0−qH1+H2q2 with respect
to xi, xj , we obtain for the correlation functions:
H1
dVij(t)
dt
+ 2H2
∑
l
Vilbl
∑
n
Vjnbn
+
∑
l
Vilbl
∑
n
H ′1pnVjn +
∑
l
Vjlbl
∑
n
H ′1pnVin
+
∑
ln
H ′′0plpnVilVjn
−
∑
l
VilblH
′
1xj −
∑
l
VjlblH
′
1xi
−
∑
l
H ′′0xiplVjl −
∑
l
H ′′0xjplVil = 0. (47)
This is a complete system of equations.
B. The finite N corrections
Let as assume that the finite size corrections are u1/N for
u and hl/N for vl. Thus, we have:
Pl( ~X, t) = (vl +
hl
N
) exp[Nu(~x, t) + u1(~x, t)] (48)
The Hamilton-Jacobi equation for the correction terms will
be:
vl
∂u1
∂t
+ hl
∂u
∂t
=∑
1≤n≤d
Qlnvn +
∑
n,~m
rln~m(~x)hne
−
∑
k
mku
′
k
Qln =
∑
~m
(r¯ln~m(~x) + rln~m(~x) ∗G)
G =
1
2
D∑
i,k=1
∂2u
∂xi∂xk
mimk −
∑
k
mk
∂u1
∂xk
(49)
From the consistency of vl system we get the following
equation for u′1:
det[Qln −
∂u1
∂t
δl,n] = 0 (50)
Having the solution for u′1, we define the correction terms hn.
C. When we need in several Hl?
In [28] has been investigated the D = 2, d = 2 model in
our classification.
dPmn
dt
= (A− f(n))Pmn + g(n)Qmn
dQmn
dt
= f(n)Pmn + (A+ a(E
−1
m − 1)− g(n))Qmn (51)
7where Ejnf(n) = f(n + j) and A = (E1n − 1)n + γ(E1m −
1)m+ γbm(E−1n − 1).
The authors applied HJE approach to investigate the steady
state, using same Hamiltonian, proportional to H0 in our noti-
fication. Their Hamiltonian gives exact equation for the steady
state, while for the dynamic it is only an approximation, and
to get correct dynamics in [28] has been done some rescaling.
Our approach provides the exact dynamics in this case, us-
ing H1 for the dynamics of the maximum, and H2 for the
dynamics of the variance.
For H1(p = 0) we obtain an expression:
H1(p = 0, n/N) = f(n) + g(n) (52)
It is a nontrivial function of n/N , therefore H0 alone is not
enough to give a correct dynamics of the maximum.
IV. CONCLUSION
In the present article we solved the Chemical Master Equa-
tion for the case of a strip of 1 dimensional chains of equa-
tions. Such a master equation appears in the problem of con-
nected diffusion in discrete time: diffusion in space direction
plus random jumping between discrete set of states. We found
a solution for the general case of the model when the width of
the strip is smaller than the length, and calculated the dynam-
ics of the maximum and the variance in the large size limit.
We applied our method to get the solution for the problem of a
gene switch model. The numerics confirmers that the dynam-
ics of the maximum and the variance follows to our analytical
results after very short period of time.
We also investigated the case of a d-strip of equation chains,
each one defined in D-dimensional space, and gave a sys-
tem of ODEs to define the motion of the maximum point and
the dynamics of the variance. In the appendix we give the
ODE systems for the investigation of the insertion-deletion-
base substitution problem in evolution.
We considered the situation when Hamilton Jacobi equa-
tion is valid, assuming that the maximum of distribution for
different chains are at the same point. This was the case in
the example considered in section II-D, satisfying two con-
ditions: a) where the rates r(x) are smooth functions and b)
d ≪ N . In [24] a D = 2 model has been considered where
condition b) is broken. As a result, the solution of the sys-
tem of equations could not be described via the HJE ansatz
of a smooth function u(x1, x2). To investigate the validity of
our main assumption Eq.(14), one needs to undertake further
work with more thorough mathematics. Because nowadays
the HJE is becoming popular in solving the CME, as well as
for the solution of the diffusion process in case of weak noise,
this issue (the validity of the HJE ansatz) is becoming more
important. Another related fundamental open problem is the
limit of the application of diffusion approximation in master
equations of evolution research [25]. While the diffusion ap-
proach is a rather pure approximation in case of the inhomo-
geneous master equation [11, 13], it is a very closely related
technique to solve the HJE for homogenous master equations
(as considered in the current article), see also [21]. Clarifying
the limits of the powerful HJE method could help to clarify
the limits of the diffusion method as well.
Besides the HJE (WKB in literature) method, quantum me-
chanical approach and the moment closing method have been
applied to investigate CME. The advantage of the method:
it allows a series expansion in higher degrees of 1/N, a uni-
form convergence of our approximation, which lucks for mo-
ment closing approach. Sometimes a quantum mechanical ap-
proach is as effective as the HJE one, but HJE has wider area
of applications.
Let us briefly discuss some related works. In [26] has been
solve the related model, using the generating function method,
and has been derived several impressive results in the large
number of particles limit. This exact method is heavier than
HJE approach, used in current work, and has narrow area of
application. In [27] the gene expression has been investigated
using spectral method. Perhaps the method is good for the
numerics.
DBS thanks S. Jain and anonymous referee for discussions.
This work was supported by Academia Sinica, National Sci-
ence Council in Taiwan with Grant Number NSC 99-2911-I-
001-006.
[1] C. W. Gardiner, Handbook of stochastic methods. Berlin, Ger-
many: Springer (1985).
[2] Van Kampen N G,Stochastic processes in Physics and
Chemistry,North-Holland,Elsevier Science, (1992).
[3] D. A. Beard, H. Qian, Chemical Biophysics: Quantitative Anal-
ysis of Cellular Systems. Cambridge Texts in Biomedical Engi-
neering. Cambridge Univ. Press, New York (2008).
[4] P.-Z. Shi and H. Qian, pp. 175-201, in Irreversible Stochas-
tic Processes, Coupled Diffusions and Systems Biochemistry
J. Feng et al. (eds.), Frontiers in Computational and Systems
Biology, Computational Biology 15, Springer-Verlag, London
(2010)
[5] G. Hu, Physica A 136,607 (1986).
[6] M. I. Dykman, E. Mori and J. Ross, J.Chem. Phys. 100,
5735(1994).
[7] V. Elgart and A. Kamenev, Phys. Rev. E 70, 041106 (2004).
[8] C. Escudero and A. Kamenev, Phys.Rev. E 79, 041149 (2009).
[9] M. Assaf and B. Meerson, Phys.Rev. E 81, 021116 (2010).
[10] A. Martirosyan, D.B. Saakian, Phys. Rev. E 84, 021122 (2011).
[11] D. B. Saakian, Journal of Stat. Physics, 128,781(2007).
[12] K. Sato and K. Kaneko, Phys. Rev. E 75, 061909 (2007).
[13] D. B. Saakian, O. Rozanova, A. Akmetzhanov, Phys.Rev. E 78,
041908(2008).
[14] T. Antal, P. L. Krapivsky, arXiv:1105.1157.
[15] S. Iyer-Biswas, C. Jayaprakash, arXiv:1110.2804.
[16] J. Venegas-Ortiz, M. R. Evans arXiv:1105.0301.
[17] A.F. Ramos, G.C.P. Innocentini, J. E. M. Hornos, Phys.Rev. E
83,062902 (2011).
[18] L.D. Landaw, E. M. Lifshitz, Mechanics, Third Edition: Vol-
ume 1 (Course of Theoretical Physics), Buterworth and Heine-
8mann, Burlington (1976).
[19] L. C. Evans, Partial Differential Equations, AMS (2002).
[20] A. Melikyan, Generalized Characteristics of First Order PDEs,
Birkha¨user, Boston (1998).
[21] H. Ge, H.Qian, Analytical Mechanics in Stochastic Dynam-
ics: Most Probable Path, Large-Deviation Rate Function and
Hamilton-Jacobi Equation, 2011.
[22] H. Woodcock and P. G. Higgs, J. Theor. Biol. 179, 61 (1996).
[23] E. Baake and H. Wagner, Genet. Res. 78, 93 (2001).
[24] D. B. Saakian, Phys. Rev. E,78, 061920 (2008).
[25] W. J. Ewens, Mathematical Population Genetics (Springer-
Verlag, New York, 2004).
[26] S. Iyer-Biswas, F. Hayot, C. Yayaprakash, PRE
79,031911(2009).
[27] A. Mugler, A.M. Walczak,C.H. wiggins, PRE 80,041921
(2009).
[28] M. Assaf, E.Roberts and Z. Luthey-Schulten, PRL,
106,248102(2011).
Appendix A: Case of two 1-d chains, section II-D
We consider the model given by Eq. (31). We obtain
the following analytical solutions for equations Eq.(17) and
Eq.(24):
y(t) =
k
ρ
+ (y0 −
k
ρ
)e−ρt, (A.1)
Q(y) = y − y0
( y − k/ρ
y0 − k/ρ
)2
, (A.2)
where y0 is the initial point of the maximum of distribution.
It is also possible to calculate the variance with more preci-
sion if we find higher coefficients for the ansatz of u(x,t). To
find T(y) we use the following equation:
d3[q2H2 − qH1 +H0]
dx3
= 0. (A.3)
Using the expressions for the higher derivatives ofH0 andH1,
we eventually get the following differential equation for T(y)
at x = y(t):
dT
dy
bH1 =
−T
[
6V b2 − 3bH ′1x + 6V bH
′
1p − 3H
′′
0xp + 3V H
′′
0pp
]
−3
dV
dy
b(H ′1x − V H
′
1p − 2V b)
+3V b(V 2H ′′1pp − 2V H
′′
1xp)
+3VH ′′′0xxp − 3V
2H ′′′0xpp + V
3H ′′′0ppp(A.4)
where V = 1/Q, b = dy(t)/dt.
Appendix B: High dimensional case
1. The dynamics in D-dimensional space
For the model given by Eq.(4) we get the HJE for the func-
tion u(~x) with following Hamiltonian:
∂u
∂t
+H(~x, ~p) = 0,
−H(~x, ~p) =
∑
~n
[
R~n(N~x− ~n)e
−~n~p −R~n(N~x)
]
. (B.1)
Let us consider an ansatz
u(~x) = −
1
2
∑
i,j
Vij(xi − yi(t))(xj − yj(t)). (B.2)
Substituting into the above equation, and differentiating by xi,
we get:
∑
j
Vij
dyj
dt
=
∑
j
VijH
′
pj
. (B.3)
The last system of equation is consistent at:
dyj
dt
= H ′pj . (B.4)
As a result, we have the following system for the Vij
dVij
dt
=
∑
lm
∂2H
∂pl∂pm
VliVmj −
−
∑
l
∂2H
∂pl∂xi
Vlj −
∑
l
∂2H
∂pl∂xj
Vli. (B.5)
2. The dynamics for the evolution model with insertions and
deletions
Consider the following model, describing the insertions and
deletions [13], P (N,L) is the density of the states having
genome length N and L of + spins, a is the mutation rate,
b is the deletion rate, c is the rate to insert + or - spins:
dp(N,L)
dt
=
p(N,L)
(
N0 −
N
N0
(a+ b)− c
N + 1
N0
)
+ a
(
L
N0
p(N,L− 1) + p(N,L+ 1)
N − L
N0
)
+ b [p(N + 1, L+ 1) + p(N + 1, L)]
N + 1
N0
+
c
2
(
p(N − 1, L− 1)
L
N0
+ p(N − 1, L)
N − L
N0
)
(B.6)
9We should re-write the equation for P (N,L) = p(N,L)
(
N
L
)
.
dP (N,L)
dt
=
P (N,L)
(
N0 − (a+ b)
N
N0
− c
N + 1
N0
)
+ a
(
N − L+ 1
N0
P (N,L− 1) +
L+ 1
N0
P (N,L + 1)
)
+ b
(
L+ 1
N0
P (N + 1, L+ 1) +
N − L+ 1
N0
P (N + 1, L)
)
+
c
2
(
N
N0
P (N − 1, L− 1) +
N
N0
P (N − 1, L).
)
(B.7)
We have HJE
−H(x1, x2, p1, p2) = N0 − (a+ b + c)x1 +
+a[(x1 − x2)e
−p2 + x2e
p2 ]
+b[x2e
p1+p2 + (x1 − x2)e
p1 ]
+
c
2
[x1e
−p1−p2 + x1e
−p1 ]. (B.8)
We are again interested to find the dynamics of the maximum
and the variance. Let us introduce the following ansatz:
u(x1, x2, t) = −
1
2
V11(x1 − y1(t))
2 −
−
1
2
V22(x2 − y2(t))
2 − V12(x1 − y1(t))(x2 − y2(t)).(B.9)
For the maximum dynamics we get:
dy1
dt
= (c− b)y1
dy2
dt
= a(y1 − 2y2)− by2 +
c
2
y1. (B.10)
The solutions of the latter equation is:
y1(t) = y10e
(c−b)t
y2(t) = y20e
−(2a+b)t +
y10
2
(e(c−b)t − e−(2a+b)t).
(B.11)
Thus, we get the following expression:
y2(t)
y1(t)
=
y20
y10
e−(2a+c)t +
1
2
[1− e−(2a+c)t]
lim
t→∞
y2(t)
y1(t)
=
1
2
. (B.12)
For the variances we eventually get the following system of
equations:
−
dV11
dt
= a[2V12 + y1V
2
12]
+b[y2(V11 + V12)
2 − 2V11 + (y1 − y2)V
2
11]
+
c
2
[4V11 + 2V12 + y1(V11 + V12)
2 + y1V
2
11]. (B.13)
−
dV12
dt
= a[V22 − 2V12 + y1V12V22]
+b[−2V12 + y2(V12 + V22)(V12 + V11)
+(y1 − y2)V11V12]
+
c
2
[2V12 + V22 + y1(V12 + V22)(V12 + V11)
+y1V11V12]. (B.14)
−
dV22
dt
= a[−4V22 + y1V
2
22]
+b[−2V22 + y2(V12 + V22)
2 + (y1 − y2)V
2
12]
+
c
2
[y1(V12 + V22)
2 + y1V
2
12]. (B.15)
